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A relation between spatial pattern of discrete Gray-Scott
model and Turing instabilities of its equilibrium solutions












??????? [1]?????????. ?? U????? V??????????????













+ uv2 − bv
(1)
???, u := u(t, x), v := v(t, x), t ≥ 0, x ∈ Ωc ⊂ R, a, b,D > 0???. u, v ??? U?
???? V??????? t, ?? x?????????????, ?????D??? U?
????? V?????????????????. ??, ????? a??? U????
????????????????????????????, ????? b??? V???
????????? 2????????????????????????? U?????
V?????????????????, 2??????? V ???????????, a < b
?????????.
(1) ??????????????? a, b,D ????????????????????
??????????? [6, 7]. ????????, [6, 7]????????????????
1 ?????????????? / ???????????????
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(1)?????????????????? [3]. (1)???????? (1)????????
???????????????? [5]. ??, (1)???????????????????
????????????????????????????? Turing?????????
??. ???????? (1)????????, ????????????????????
????????????????????. ????, ????????? Turing????
????????????????????.
?????????????. ??, ? 2?? (1)??????????????????
???????. ??, ? 3??? (1)???????? Turing???????????, ?
4??? 2?????????????????. ???, ? 5?????????????
????.
2 ?? Gray-Scott???????
????, [3]?????? (1)???????????????????????. ???






= −u(w − 1)2 + a(1− u)
dw
dt

























1 + δ (2us + b)
(3)
? (2)??????????. ???, (3)?
us+1 − us
δ
= −us (ws+1 − 1)2 + a (1− us) + o(δ) (δ → +0)
ws+1 − ws
δ
= us (ws − 1)2 − b (ws − 1) + o(δ) (δ → +0)
















?? Gray-Scott??????????????? Turing???? (??)



































1 + δ {2mp (usn) + b}
(4)






















n) {mq (wsn)− 1}2
− b {mq (wsn)− 1}+ o(δ) (δ → +0)
??????????D = q2/p2 ???? (1)?????????????. ???????
????????, ?????????????????, ???????????????
????????, [4]?????????????????. ???? (4)???Gray-Scott
??????. ?? Gray-Scott??????, ???????, ?????????????






????? (2)???? 0?????????????, ?????????.
Pc,0 : (uc,0, vc,0) = (1, 0),





















Pc,± ? a− 4b2 > 0?????????????, Pc,0 ? a, b??????????????











































???, (5)???????? Pc,+ ??????????????????. ???????
????????????????.
Pc,0 ⇒ ???? (????)
Pc,− ⇒ ???
Pc,+ ⇒ (5)?????????? (????),????????
2.2.2 ?? Gray-Scott???????????
?? Gray-Scott???????? (3)????? s?????? u??? w??????
?????????, ????????.
Pd,0 : (ud,0, wd,0) = (1, 1),








































1 + δ (2ud,+b+ 1)
µs +
1 + 2δ (ud,+b+ 1)
1 + δ (2ud,+b+ 1)
νs
(6)





















δ (wd,+ − 1)2
1 + δ (2ud,+b+ 1)
1 + 2δ (ud,+b+ 1)
1 + δ (2ud,+b+ 1)
 (7)
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λ2 − (A11 +A22 +A12A21)λ+A11A22 (8)
???, ??????????? 1?????????????????
|A11A22| < 1 (9)
1− (A11 +A22 +A12A21) +A11A22 > 0
1 + (A11 +A22 +A12A21) +A11A22 > 0




























???. (10)???? δ0 ??? (5)??????????, δ ??????????? Pd,+
?????????? (1)? Pc,+ ??????????????????????. ???
????????????????????.
Pd,0 ⇒ ???? (????)
Pd,− ⇒ ???
Pd,+ ⇒ (10)?????????? (????),????????
2.3 ?? Gray-Scott??????????????
????? (4)???????????????????????.








1 |n| > 25,
wj0 =
{





1 |n| > 25.
???,??????????????????????????? wsn ?????????




? 1 (a, b) = (0.03, 0.10) ? 2 (a, b) = (0.04, 0.06)
? 1??, 1?????? 2?????????, ???????????,???????
??????. ? 2??, 1?????? 2?????????, ?????????????
????? 1?????????????????. ???, ??????????????
???????????????????. ???, (4)???? Pd,+ ??????????
?????. ??,???? 2?????????, ??????????. ?????? 1?
???????????.
? 3 (a, b) = (0.04, 0.09) ? 4 (a, b) = (0.04, 0.11)
? 3??, 1?????? 2?????????, ???????????,???????
????????????? 2?????????, ??????????, ???????
??????????????????????. ? 4??, 1?????? 2??????
???, ???????????, ??????????????????????????
??????????. ? 5??, 1?????? 2?????????, ?????????
??????????????????. ? 6??, ????????????????, ?
????????????.
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?? Gray-Scott??????????????? Turing???? (??)
? 5 (a, b) = (0.02, 0.09) ? 6 (a, b) = (0.08, 0.17)
? 7 (a, b) = (0.05, 0.15)
? 7??,?????????????????????????????. ? 1??? 7
????????, (1)????????????????? [6, 7]????????????
?. ??, ????????????????????? a, b???????????? [7]?
???????. ????? a, b??????? (4)?????????? 8?????. ?





























? b = 4a2 ?????????????????. ??, Pd,+ ? (10)??????????
??????????????? 8?????????
(a, b) = (0.02, 0.07), (0.04, 0.10), (0.05, 0.11)




? 8 p = 3, q = 1, δ = 0.1???? a, b???
?????????????. ????????????????????????????
?????????.
△: ? 1; +: ? 2; ×: ? 3; ⋄: ? 4; ■: ? 5; □: ? 6; ▽: ? 7
? 8? [7]????????????????????????.









∀s ∈ Z≥0, ∀n ∈ Z)
?????? Gray-Scott???? Turing????????????. ???, N ∈ Z>0 ?
?????.
Turing????????????, ??????????????, ????????? n
??????????????????????. ??????????, (4)???????
?????????
Pd,0 : (ud,0, wd,0) = (1, 1),





















? 2?????. ???, Pd,+ ?????? a, b, δ ? a − 4b2 > 0??? (10)??????
??????????????????. ????????????????????
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?? Gray-Scott??????????????? Turing???? (??)
• Pd,0 ???? 
µs+1n =
1 + 2δ

































1 + 2δ (ud,+b+ 1)




















??, (11)??? (12)???? einθk ???? k ???? 0?? N − 1?????????,
Us+1k =
1 + 2δ



























δ (wd,+ − 1)2




1 + 2δ (ud,+b+ 1)














































??? k ???????????? (13)???? (14)????????????????
??????????????? Gray-Scott ???????????????. ??, (13)
? cos pθk, cos qθk ≤ 1???, a, b, δ ??????????????????????, Pd,0
? Turing ????????????????????????. ??, (14) ?????? 2
?????????????????????????.
4 ???????? Turing??????????
????, ? 3 ??????, ? 2 ??????????????? Gray-Scott ????
Turing????????????. ??, p = 3, q = 1, N = 3001, δ = 0.1???????
??. (14)? Usk ???????????W s+1k ?????, ??? k ??????????
?? (14)????????????, ? 2??????? (7)????????????(
(A11 +A12A21) (cos pθk) A12A22 (cos qθk)
A21 (cos pθk) A22 (cos qθk)
)
???????????? 1???????????????. ???????????
λ2 − {(A11 +A12A21) (cos pθk) +A22 (cos qθk)}λ+A11A22 (cos pθk) (cos qθk)
???, ?????? 1??????? (8)???????????????. ??????
??????? 1?????????????????
|A11A22 (cos pθk) (cos qθk)| < 1 (15)
1− {(A11 +A12A21) (cos pθk) +A22 (cos qθk)}+A11A22 (cos pθk) (cos qθk) > 0 (16)
1 + {(A11 +A12A21) (cos pθk) +A22 (cos qθk)}+A11A22 (cos pθk) (cos qθk) > 0 (17)
???????????. ??????? 2 ???????????? (9) ??????,
cos pθk, cos qθk ≤ 1 ??, (15) ??????????????. p = 3, q = 1 ???? (16)
??? (17)?????????????
4A11A22η
4 − 4 (A11 +A12A21) η3 − 3A11A22η2 + (3A11 + 3A12A21 −A22) η + 1 (18)
4A11A22η
4 + 4 (A11 +A12A21) η
3 − 3A11A22η2 − (3A11 + 3A12A21 −A22) η + 1 (19)
???. ???, η := cos θk ???. (18)? (19)? η ?????????????????
??????????, ??????? |η| ≤ 1????, ????????????????
????. ???, (18)? |η| ≤ 1??????? a, b?????????. ???, ????
? a, b?????? |η| ≤ 1???? 4?? (18)???????????????????
?????. ???? a, b???
(a, b) =(0.01, 0.03), (α, α+ 0.03),
(0.01, 0.04), (α, α+ 0.04)
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?? Gray-Scott??????????????? Turing???? (??)
???. ???, α? 0.02?? 0.10?? 0.01??????. ??????????, ? 2??
???? 2???? 3????????????????????????????? 8?
????.
??? (18)?????????, ?????????? a, b???
(a, b) = (0.01, 0.03), (α, α+ 0.03), (0.06, 0.10)
????. Turing ????????, ? 2 ???? 3 ????????, ????????
?????????????. ???? (a, b) = (0.06, 0.10) ???????, ??????
????????????? 9?????. 1?????? 2?????????, ????
? 9 (a, b) = (0.06, 0.10)
???????,??????????????????????????????????
???????? 2?????, ?????????????????, ?????????
????????????????????. ?????????? 3 ?????????
?????, Turing?????????? 2??????????????????. ??,
(a, b) = (0.06, 0.10)???? |η| ≤ 1???? 4?? (18)??????? 10???? 11?
????. ? 11??????? (18)? η ???????????????? 0??????







? 10 (a, b) = (0.06, 0.10) ???? (18)






? 11 ? 10?????????????
– 63 –
??????????????? No.3 (2018)




???? [3]????????? Gray-Scott???????, Turing?????????
? Gray-Scott??????????????????????????????. ??, [4]
??????????????????????????? [2]?????????????
? Turing???????????????????. ??, Turing???????????
????????????????????????. ?????????????????
??????????. ??????, ???????????, ?????????????
????, ???????????, ????? p, q ??????????????????
???????????. ???, p, q ??????? Turing?????????????
?????????????. ??, Turing???????? 2?????????????
????????????????????????????????????.
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